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0. Introduction
Algebraic combinatorics and geometry come together in a beautiful way in the study of the
cohomology H∗(G/B) of the generalized flag variety G/B for a complex semisimple Lie group G
with Borel subgroup B. The cohomologyH∗(G/B) is isomorphic (as a graded ring) to the quotient
of a polynomial ring by the ideal generated by W -symmetric functions without constant term and
has a natural basis of “Schubert polynomials” [Xw] ∈ H
∗(G/B) where [Xw] is the Poincare´ dual
of the fundamental class of the Schubert variety Xw ⊆ G/B in H∗(G/B). One of the fundamental
results in the theory of Schubert polynomials and the cohomology of the flag variety is a formula
of Chevalley which gives an expansion of the product λ · [Xw] in terms of the Schubert class basis
for an element λ ∈ H2(G/B).
A similar picture holds for the K-theory of G/B. The ring K(G/B) is isomorphic to a quotient
of a Laurent polynomial ring by an ideal generated by certain W -symmetric functions and has a
basis given by classes [OXw ] where OXw is the structure sheaf of the Schubert variety Xw ⊆ G/B
extended by 0 outside of Xw. In this paper we give an analogue of Chevalley’s formula for the ring
K(G/B). Specifically, we give an explicit combinatorial formula for eλ[OXw ], the tensor product
of a (negative) line bundle with the structure sheaf of a Schubert variety, expanded in terms of the
Schubert class basis {[OXw ]}.
The Chern character is an isomorphism between K(G/B) and H∗(G/B) and Chevalley’s
formula can be recovered from ours by applying the Chern character and comparing lowest degree
terms. The higher order terms of our formula may yield further interesting identities in cohomology.
Fulton and Lascoux [FL] have given a formula similar to ours for the G = GLn(C) case. Our
formula is a generalization of their formula to general type except that we work only with K(G/B)
instead of the K-theory of the flag bundle. In our work the column strict tableaux used by Fulton
and Lascoux are replaced by Littelmann’s path model. This has two advantages: (1) it allows
us to work in general type and (2) it obviates the need for the complex combinatorics associated
with the jeu de taquin and the “rectification” of tableaux. It is possible that the more general
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flag bundle result of Fulton and Lascoux can be obtained from our general commutation formula,
Theorem 4.2, but to sort this out properly one would have to understand concretely the connection
between the tableaux and the Littelmann paths.
In the first section of the paper we review notations and recall why one is able to work with
K(G/B) as a quotient of a Laurent polynomial ring. In the second section we derive an expression
for [Op] ∈ K(G/P ), for a point p ∈ G/P , in terms of familiar vector bundles. We are able to pull
back this formula into K(G/B) to obtain formulas for certain special Schubert classes in terms of
line bundles. In section 3 we recall the operators which play the same role as the BGG operators
in cohomology and show that they can be used to give explicit (inductive) expressions for the
Schubert classes in K(G/B). In section 4 we prove the main theorem, which gives a commutation
relation between line bundles and the Schubert classes. Our new Pieri-Chevalley formula is an
immediate consequence of this relation. In the final section we explain how the K-theory relates
to cohomology and how our formula implies the classical Chevalley formula.
The main results of the preliminary sections can all be considered well known. These results
can be found, either explicitly or implicitly, in the work of Demazure [D], Kostant and Kumar
[KK], Fulton and Lascoux [FL] and others. For the convenience of the reader, we have given short
proofs or sketches of proofs for most of these results and, in the final section, we have given a
dictionary between K-theory and H∗(G/B). This dictionary illustrates how our results relate to
the theory of Schubert polynomials.
We would like to thank M. Green, S. Kumar, T. Shifrin, and A. Vasquez for stimulating
conversations during our work on this paper.
1. Background
In this section we set up notations and recall how one is able to work with the K-theory of
G/B “purely combinatorially”. This is possible because (in analogy with the cohomologyH∗(G/B)
and the combinatorial theory of Schubert polynomials) the K-theory of G/B is isomorphic to a
quotient of R(T ), which is a ring of Laurent polynomials. In section 5 we shall explain how our
results about K(G/B) relate to and generalize well known results about Schubert polynomials and
H∗(G/B).
The K-theory K(G/B)
If X is a quasi-projective variety let
K(X) = the Grothendieck group of coherent sheaves on X,
Klf (X) = the Grothendieck group of locally free sheaves on X,
Kvb(X) = the Grothendieck group of vector bundles on X.
If f :X → Y is a morphism of projective varieties then we have maps
f !: K(Y ) −→ K(X)
[F ] 7−→ [f∗F ],
f!: K(X) −→ K(Y )
[F ] 7−→
∑
i
(−1)i[Rif∗F ].
See [CG, §5.2] for K-theory background. If X is smooth then the isomorphism between K(X) and
Klf (X) is given by assigning to the class of a sheaf the alternating sum of the sheaves in a locally
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free resolution, see [BS, §4] and [Ha, III Ex. 6.9]. There is always a map Klf (X)→ Kvb(X) which
assigns to a locally free sheaf the underlying vector bundle and the results of [P] imply that this
map is an isomorphism when X = G/B, see Proposition 1.5 below. Thus, in the case which we
wish to consider in this paper, X = G/B, all three K-theories are isomorphic.
Let G be a complex connected simply connected semisimple Lie group. Fix a maximal torus T
and a Borel subgroup B such that T ⊆ B ⊆ G. The Bruhat decomposition says that G is a disjoint
union of double cosets of B indexed by the elements of the Weyl group W , G =
⋃
w∈W BwB. The
flag variety is the projective variety formed by the coset space G/B and the Bruhat decomposition
of G induces a cell decomposition of G/B. For each w ∈ W the subset X◦w = BwB/B is the
Schubert cell and its closure Xw is the Schubert variety. The formulas
dim(X◦w) = ℓ(w) and Xw =
⋃
v≤w
X◦v (1.1)
define the length ℓ(w) of w ∈W and the Bruhat-Chevalley order ≤ on the Weyl group, respectively.
It follows from the Bruhat decomposition (see lecture 4 by Grothendieck in [C]) that
K(G/B) is a free Z-module with basis {[OXw ] | w ∈W},
where Xw are the Schubert varieties in G/B and OXw is the structure sheaf of Xw extended to
G/B by defining it to be 0 outside Xw.
The isomorphism K(G/B) ∼= R(T )/I
For any group H let R(H) be the Grothendieck group of complex representations of H. Let
Λ =
∑n
i=1 Zωi, where the ωi are the fundamental weights of the Lie algebra g of G. We shall use
the “geometric” convention (see [CG, 6.1.9(ii)]) and let e−λ be the element of R(T ) corresponding
to the character determined by λ ∈ Λ. Then
R(T ) has Z-basis {eλ | λ ∈ Λ}, with multiplication eλeµ = eλ+µ,
and Weyl group action determined by weλ = ewλ, for w ∈ W and λ ∈ Λ. In this way R(T ) is a
Laurent polynomial ring and R(G) ∼= R(T )W is the subalgebra of “symmetric functions” in R(T ).
Suppose that V is a T -module. Since T ∼= B/U , where U is the unipotent radical of B, we
can extend V to be a B-module by defining the action of U to be trivial. Define a vector bundle
π: G×B V −→ G/B
(g, v) 7−→ gB
where G×B V =
G× V
〈(g, v) ∼ (gb, b−1v)〉
,
so that G ×B V is the set of pairs (g, v), g ∈ G, v ∈ V , modulo the equivalence relation (g, v) ∼
(gb, b−1v). This construction induces a ring homomorphism
φ: R(T ) −→ K(G/B)
V 7→ (G×B V
π
−→G/B).
(1.2)
If V is a G-module then φ(V ) = dim(V ) in K(G/B). This is because the map
G×B V −→ G/B × V
(g, x) 7−→ (gB, gx)
(1.3)
is an isomorphism between G ×B V and the trivial bundle G/B × V . Define ε:R(T ) → Z by
ε(eλ) = 1 for λ ∈ Λ. Then the map φ in (1.2) gives an isomorphism (see Proposition 1.5 below)
K(G/B) ∼= R(T )/I,
where I is the ideal generated by {f ∈ R(T )W | f − ε(f) = 0}. Equivalently, K(G/B) ∼=
R(T )⊗R(G) Z, where R(G) acts on Z by [V ] · 1 = dim(V ), if V is a G-module.
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K(G/P ) for a parabolic subgroup P
A similar setup works when B is replaced by any parabolic subgroup P containing B. The
coset space G/P is a projective variety and the Bruhat decomposition takes the form G =⋃
w¯∈W/WP
Bw¯P where WP is the subgroup of W given by WP = 〈si | g−αi ∈ p〉, where p is
the Lie algebra of P . The Schubert varieties Xw¯ are the closures of the Schubert cells X
◦
w¯ = Bw¯P
in G/P .
K(G/P ) is a free Z-module with basis {[OXw¯ ] | w¯ ∈ W/WP}.
Write P = LU where U is the unipotent radical of P and L is a Levi subgroup. The Weyl
group of L is WP and
R(L) ∼= R(T )WP
is the subring of WP -symmetric functions in R(T ). The same construction as in (1.2) with B
replaced by P and T replaced by L gives a ring homomorphism
φP : R(L) −→ K(G/P )
V 7−→ (G×P V
π
−→G/P ).
(1.4)
Proposition 1.5. Let G be a connected simply connected semisimple Lie group and let T be a
maximal torus of G. Let P be a parabolic subgroup of G with Levi decomposition P = LU and
let WP be the Weyl group of L. Then
K(G/P ) ∼=
R(T )WP
IP
,
where IP is the ideal generated by {f ∈ R(T )
WP | f − ε(f) = 0} and ε:R(T ) → Z is the map
given by ε(eλ) = 1 for λ ∈ Λ. Equivalently, K(G/P ) = R(L)⊗R(G) Z.
Proof. LetKvb(G/P ) be the Grothendieck group of C
∞ vector bundles onG/P and let η:K(G/P )→
Kvb(G/P ) be the map which assigns to a locally free sheaf its underlying vector bundle. Let φ˜P
be the composition
φ˜P :R(L)
φP
−→K(G/P )
η
−→Kvb(G/P ).
Since π1(G) = 0, π1(P ) ∼= π2(G/P ), which is free abelian by the Bruhat decomposition. Since the
unipotent radical U of P is contractible the projection f :P → P/U ∼= L is a homotopy equivalence.
Thus π1(L) is free abelian and we may apply the results of [P] to conclude that φ˜P :R(L) →
Kvb(G/P ) is surjective, R(L) is projective over R(G) with rank |W/WP | and Kvb(G/P ) is a free
Z-module of the same rank. (Note: The results of [P] can be applied since G and L are the
complexifications of compact groups.)
Since φ˜P is surjective the map η is also surjective. Then, since K(G/P ) and Kvb(G/P ) are
both free Z-modules of rank |W/WP |, it follows that η must be an isomorphism. This means two
things: (1) that we can identify K(G/P ) and Kvb(G/P ), and (2) that φP is surjective.
The kernel IP of φP is identified by using (1.3).
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Transfer from K(G/B) to K(G/P )
Although we will work primarily with K(G/B) it is standard to transfer results from K(G/B)
to results on K(G/P ). This can be accomplished with the following proposition. The proof will
be given in section 5.
Proposition 1.6. If f :G/B → G/P is the natural projection then the induced map f !:K(G/P )→
K(G/B) is an injection. This map is given explicitly by
f !([OXw¯ ]) = [OXv ],
where v ∈W is the unique element of longest length in the coset w¯ = vWP .
2. The class [OP/B ] in K(G/B)
In this section we give an expression for the class [OP/B ] ∈ K(G/B) as an element of R(T )/I.
This is done by first finding a formula for [OP/P ] in K(G/P ) and then using the projection
f :G/B → G/P to pull back this formula to K(G/B). The formula for [OP/P ] in K(G/P ) is
obtained by using a Koszul resolution on a vector field with simple zeros at the points {w¯iP | w¯i ∈
W/WP }. This reduces the computation to determining Λ−1(T
∗(G/P )) and this can be done since
we understand the structure of T ∗(G/P ) = (g/p)∗ as a B-module (under the adjoint action).
Although these formulae for [OP/B ] are useful for specific computations they are not needed for
the proof of our main result, Theorem 4.3.
Theorem 2.1. Let P ⊇ B be a parabolic subgroup of G and let w be the longest element of the
corresponding parabolic subgroup WP of W . In K(G/B)
[OXw ] =
|WP |
|W |
∏
g−α 6∈p
(1− e−α),
where the product is over all positive roots α such that g−α 6∈ p.
Proof. Let h denote the complex Lie algebra of the maximal torus T ⊆ G and let H ∈ h be a
regular element, i.e. the W action on H has trivial stabilizer. The one-parameter group exp(zH),
z ∈ C, of G induces a flow on G/P (by left translation) whose fixed points are the points in the
set
Z = {wiP ∈ G/P},
where wi run over a set of coset representatives ofW/WP . It follows that the zeros of the associated
vector field v(H) are the same points and a local calculation shows that they are simple. This
construction of vector fields v:G/P → T (G/P ) whose zeros are isolated and simple is essentially
due to A. Weil [W].
Since the zero set Z of the vector field v(H) is a smooth subvariety of codimension equal to
the fibre dimension of T (G/P ), the vector field v(H) gives rise to a Koszul resolution of OZ (see
[CG] §5.4)
· · ·
iv−→OG/P (
∧2(T ∗(G/P ))) iv−→OG/P (∧1(T ∗(G/P ))) −→ OG/P −→ OZ −→ 0,
where iv denotes interior product with v(H). Hence, in K(G/P ) we have
[OZ ] = Λ−1(T
∗(G/P )) where Λ−1(T
∗(G/P )) =
∑
i
(−1)i
∧i
(T ∗(G/P )).
6 h. pittie and a. ram
For any two points p, q ∈ G/P there is a g ∈ G so that gp = q. Since G acts trivially on
K(G/P ),
[Oq] = g
![Oq] = [g
∗Oq] = [Op]. (2.2)
Since the points w¯iP of Z are simple,
OZ =
|W/WP |⊕
i=1
Ow¯iP and so [OZ ] =
|W/WP |∑
i=1
[Ow¯iP ] = |W/WP |[OP ],
by (2.2). Since K(G/P ) is a free Z-module it follows that [OZ ] is divisible by |W/WP | and we get
[OP ] =
|WP |
|W |
Λ−1(T
∗(G/P )). (2.3)
Let us compute the pull back f !(|W/WP |[OP ]) = f
!(Λ−1(T
∗(G/P ))) ∈ K(G/B) for the
projection f :G/B → G/P . The bundle T ∗(G/P ) is the homogeneous vector bundle over G/P
associated to the P -module (g/p)∗, where P acts on g/p by the adjoint action. Then f !(T ∗(G/P ))
is the vector bundle over G/B associated to the B-module (g/p)∗, where we regard (g/p)∗ as a
B-module by restriction. By Lie’s theorem, (g/p)∗ admits an B-module filtration such that the
unipotent radical of B acts trivially on the associated graded module grF (g/p)
∗. Hence
grF (g/p)
∗ =
∑
g−α 6∈p
gα
is a sum of weight spaces as an ad(B)-module. Since a filtered object and its associated graded
define the same element in a Grothendieck ring we have
f ![T ∗(G/P )] =
∑
g−α 6∈p
e−α
in K(G/B). From this equation we get the formula for
f !(Λ−1(T
∗(G/P )) =
∏
g−α 6∈p
(1− e−α). (2.4)
The theorem follows from (2.3), (2.4) and Proposition 1.6 since
f !([OP ]) = [Of−1(P )] = [OP/B ]
and P/B = Xw for the longest element w of WP ⊆W .
Corollary 2.5. In K(G/B)
[OX1 ] =
1
|W |
∏
α>0
(1− e−α),
[OXsi ] =
2
|W |
∏
α>0
α 6=αi
(1− e−α), for each simple reflection si, 1 ≤ i ≤ n, and
[OXw0 ] = 1, for the longest element w0 in W .
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Proof. The first and last formulas are Theorem 2.1 in the cases P = B and P = G respectively and
the middle formula is the case when P = Pi is the minimal parabolic subgroup whose Lie algebra
pi is generated by b and the negative root space g−αi .
Remarks.
1. In optimal cases such as G = SL(n,C) one can use various tautological bundles on SL(n,C)/P
to construct resolutions of Op directly, and hence obtain formulae for [Op] which are “denominator
free”. One example is obtained from the tautological k-plane bundle over the Grassmannian of
k-planes in Cn: Ek −→ G(k,C
n). Every (homogeneous) linear function on Cn defines an algebraic
section of E∗k . Hence by choosing (n−k) linearly independent such functions, we can define a section
σ:G(k,Cn) →
⊕
n−k E
∗
k whose unique zero is the point p corresponding to the common kernel of
the linear functions. Since σ is clearly regular, [Op] =
∑
(−1)i[
∧i
(
⊕
n−k Ek)] in K(G(k,C
n)).
Other examples can be found in [FL].
2. In contrast with the previous remark, it seems difficult to find “denominator free” formulae
for [Op] in general. A comparison with cohomology will be helpful. For F(C
n) = SL(n,C)/B a
generator of the top cohomology is given by xn−11 x
n−2
2 · · · xn−1, where xj ∈ H
2(F(Cn);Z) form a
suitable basis. For general G/B the only uniform expressions for a generator in the top degree all
involve denominators. For example, one such is 1
|W |
∏
α>0 α. Indeed, if H
∗(G;Z) has torsion then
no integral polynomial in a basis for H2(G/B;Z) will give a generator in the top degree.
3. Push-pull operators in K-theory
For a positive root α, let sα ∈ W be the corresponding reflection and define operators
Lα:R(T )→ R(T ) and by Tα:R(T )→ R(T ) by
Lα(x) =
x− sαx
1− e−α
and Tα(x) = e
−ρLα(e
ρx) =
eαx− sαx
eα − 1
,
respectively, where ρ = 12
∑
α>0 α. In this section we will show that there is an inductive formula
for the classes [OXw ] in terms of the operators Tα and the class [OX1 ], which was determined in
Corollary 2.5.
The operators Tα and Lα have been in the literature for some time, see for example, [D, §5],
[KK], [FL]. Let x, y ∈ R(T ). Short direct calculations using the definitions establish the following
identities:
(3.1a) Tα(xy) = xTα(y), if sαx = x,
(3.1b) sαTαx = Tαx,
(3.1c) TαTαx = Tαx,
(3.1d) eλTαx =
(
Tαe
sαλ +
eλ − esαλ
1− e−α
)
x.
Because of (a), Tα is a map of R(G)-modules and so it descends to an operator on K(G/B) which
we shall denote by the same symbol. Moreover, the induced operator on K(G/B) satisfies (3.1a-d).
Let α be a simple root and let Pα be the minimal parabolic subgroup whose Lie algebra pα is
generated by b and the negative root space g−α. Since Pα/B ∼= P1, the natural projection
fα:G/B → G/Pα (3.2)
is a P1-bundle.
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Proposition 3.3. Let α be a simple root. For every x ∈ K(G/B),
(fα)
! ◦ (fα)!(x) = Tα(x).
This result is proved in [KK, Prop. 4.11]. In section 5 we shall see that the Grothendieck-
Riemann-Roch theorem implies that this fact is equivalent to the corresponding fact in cohomology.
This alternate point of view has the advantage that it illustrates why the operators Tα are the
K-theoretic analogues of the BGG operators ∂α (see [BGG] and [D]). The proof of following propo-
sition is a generalization of the argument in [FL, p. 728]. Kostant and Kumar [KK, Lemma 4.12]
have also proved the same result.
Proposition 3.4. Let sα ∈ W be the simple reflection corresponding to a simple root α. Given
a Schubert variety Xw ⊆ G/B,
(fα)
! ◦ (fα)!([OXw ]) =
{
[OXwsα ], if ℓ(wsα) > ℓ(w),
[OXw ], if ℓ(wsα) < ℓ(w).
Proof. The main idea of the proof is
(fα)
! ◦ (fα)!([OXw ]) = (fα)
!([Ofα(Xw)]) = [Of−1α (fα(Xw))].
One only has to justify the equalities and identify fα(Xw) and f
−1
α (fα(Xw)).
For w ∈ W let w¯ = {w,wsα}. It is convenient to relabel the elements of the set {w,wsα} as
w′ and w′′ where by fiat ℓ(w′′) = ℓ(w′) + 1. Analyzing the Bruhat decomposition of Xw in (1.1)
we get
fα(Xw′) = fα(Xw′′) = Xw¯ and f
−1
α (Xw¯) = Xw′′ . (3.5)
Since fα:X
◦
w′ → X
◦
w¯ is an isomorphism of varieties fα:Xw′ → Xw¯ is birational. This combined
with the (deep) fact that Schubert varieties have rational singularities (see the survey [Ra] and the
references there) implies that
(a) (fα)∗(OXw′ ) = OXw¯ , and R
q(fα)∗(OXw′ ) = 0, for q > 0.
From the Bruhat decomposition one sees that fα:Xw′′ → Xw¯ is the restriction of the ambient
P1-bundle fα:G/B → G/Pα. Thus
(b) (fα)∗(OXw′′ ) = OXw¯ and R
q(fα)∗(OXw′′ ) = 0, for q > 0.
Finally, from (3.5) we have
(c) (fα)
∗(OXw¯) = OXw′′ .
Statements (a) and (b) imply that (fα)!([OXw ]) = [Ofα(Xw)] and (c) implies that (fα)
!([OXw¯ ]) =
[OXw′′ ].
Corollary 3.6. For each simple root αi let Ti = Tαi . Let w = si1 · · · sip be a reduced expression
for w and define Tw = Ti1 · · · Tip . Then Tw is independent of the choice of the reduced expression
of w and
Tw−1 [OX1 ] = [OXw ].
Proof. The formula in the statement follows from Propositions 3.3 and 3.4. These two Propositions,
combined with formula (3.1c) also show that the action of Tw on the elements of the basis {[Ov] | v ∈
W} of K(G/B) is independent of the choice of the reduced word for w. By Proposition 1.5,
K(G/B) is a free R(G)-module and thus it follows from (3.1c) that, as an operator on R(T ), Tw
is independent of the reduced word for w.
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4. The Pieri-Chevalley formula
In this section we shall inductively apply formula (3.1d) to obtain an expansion of the product
eλ[OXw ] in K(G/B) in terms of the basis {[OXv ] | v ∈W}. We use the path model of P. Littelmann
to keep track of the combinatorics involved in iterating formula (3.1d).
The path model
Let Λ =
∑
i Zωi be the weight lattice and let h
∗ =
∑
i Rωi. A path in h
∗ is a piecewise linear
map π: [0, 1]→ h∗ such that π(0) = 0. Let π be a path, let α be a simple root and let hα: [0, 1]→ R
be the function given by
hα: [0, 1] −→ R
t 7−→ 〈π(t), α∨〉.
At t this function gives the position of π(t) in the α-direction. Let mα be the minimal value of hα
and define functions l: [0, 1]→ [0, 1] and r: [0, 1]→ [0, 1] by
l(t) = min{1, hα(s)−mα |t ≤ s ≤ 1}, r(t) = 1−min{1, hα(s)−mα |0 ≤ s ≤ t}.
The root operators (see [L3] Definitions 2.1 and 2.2) are operators on the paths given by
eαπ =
{
t 7→ π(t) + r(t)α, if r(0) = 0,
0, otherwise,
and
fαπ =
{
t 7→ π(t)− l(t)α, if l(1) = 1,
0, otherwise,
where we use 0 to denote the “null path”.
Fix a dominant weight λ ∈ Λ. Let πλ be the path given by πλ(t) = tλ, 0 ≤ t ≤ 1, and let
T λ = {fi1fi2 · · · filπλ}
be the set of all paths obtained by applying sequences of root operators fi = fαi , 1 ≤ i ≤ n to πλ.
This is the set of Lakshmibai-Seshadri paths of shape λ. P. Littelmann [L1] has shown that this
set of paths is finite and can be characterized in terms of an integrality condition. We shall not
need this alternative characterization.
Let Wλ be the stabilizer of λ. The cosets in W/Wλ are partially ordered by the Bruhat-
Chevalley order. Use a pair of sequences
~τ = (τ1 > τ2 > · · · > τℓ), τi ∈W/Wλ, and
~a = (0 = a0 < a1 < a2 < · · · < aℓ = 1), ai ∈ Q,
to encode the path π: [0, 1]→ h∗ given by
π(t) = (t− aj−1)τjλ+
j−1∑
i=1
(ai − ai−1)τiλ, for aj−1 ≤ t ≤ aj .
We shall write π = (~τ,~a). Every path π ∈ T λ is of this form. Littelmann introduced this set of
paths T λ as a model for the Weyl character formula. He proved that
∑
η∈T λ
eη(1) =
∑
w∈W ε(w)e
w(λ+ρ)∑
w∈W ε(w)e
wρ
,
where ρ = 12
∑
α>0 α is the half-sum of the positive roots.
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Application of the path model
Fix a dominant weight λ ∈ Λ and let π = (~τ,~a) = ((τ1 > · · · > τr), (a0 < · · · < ar)) ∈ T
λ.
The initial direction of π is ι(π) = τ1. Fix w ∈W , let w¯ = wWλ ∈ W/Wλ and define
T λw = {π ∈ T
λ | ι(π) ≤ w¯}.
Let π = (~τ,~a) ∈ T λw . A maximal lift of ~τ with respect to w is a choice of representatives ti ∈ W
of the cosets τi such that w ≥ t1 > · · · > tr and each ti is maximal in Bruhat order such that
ti−1 > ti. The final direction of π with respect to w is
v(π,w) = tr,
where w ≥ t1 > · · · > tr is a maximal lift of τ1 > . . . > τr with respect to w.
For each π ∈ T λ such that eα(π) = 0 the α-string of π is the set of paths
Sα(π) = {π, fαπ, . . . , f
m
α π},
where m is maximal such that fmα π 6= 0. We have:
(a) If f jαπ 6= 0 then (f
j
απ)(1) = π(1)− jα.
(b) ι(f jαπ) = sαι(π) for all 1 ≤ j ≤ m.
(c) If Sα(π) ⊆ T
λ
w then v(f
m
α π,w) = sαv(π,w) and v(f
j
απ,w) = v(π,w) for 1 ≤ j < m.
Statement (a) is [L2] Lemma 2.1a, statement (b) is [L1] Lemma 5.3b, and statement (c) follows
from [L1] Lemma 5.3c and [L2] Lemma 2.1e. All of these facts are really coming from the explicit
form of the action of the root operators on the Lakshmibai-Seshadri paths which is given in [L1]
Proposition 4.2. The consequence of (a) and (c) is that
∑
η∈Sα(π)
Tv(η,w)−1e
η(1) = Tv(π,w)−1
(
Tαe
sαπ(1) +
eπ(1) − esαπ(1)
1− e−α
)
= Tv(π,w)−1e
π(1)Tα.
Let w = sαw
′ where ℓ(w) = ℓ(w′)+ 1. Let π ∈ T λw be such that eα(π) = 0. It follows from (a)
that
Sα(π) ⊆ T
λ
w , and either Sα(π) ∩ T
λ
w′ = {π} or Sα(π) ⊆ T
λ
w′ .
Suppose that w ≥ t1 > · · · > tr and w
′ ≥ t′1 > · · · > t
′
r are maximal lifts of π with respect to w
and w′ respectively.
If m > 0 then t1 is not divisible by sα. It follows that t
′
1 = t1 and thus that tr = t
′
r.
If m = 0 then all the ti are divisible by sα and it follows that tr = sαt
′
r.
Thus v(π,w) = v(π,w′) if m > 0 and v(π,w) = v(π,w′)sα if m = 0. We conclude that
Tv(π,w′)−1e
π(1)Tα = Tv(π,w′)−1
(
Tαe
sαπ(1) +
eπ(1) − esαπ(1)
1− e−α
)
=
∑
η∈Sα(π)
Tv(η,w)−1e
η(1).
(4.1)
Theorem 4.2. Let λ be a dominant integral weight and let w ∈W . Then
eλTw−1 =
∑
η∈T λw
Tv(η,w)−1e
η(1)
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as operators on R(T ).
Proof. The proof is by induction on ℓ(w). The base case ℓ(w) = 1 is formula (3.1d). Let w = sαw
′
with ℓ(w) = ℓ(w′) + 1. Then
eλTw−1 = e
λT(w′)−1Tα
=

 ∑
η∈T λ
w′
Tv(η,w′)−1e
η(1)

Tα (by induction)
=
∑
pi∈T λw
eα(pi)=0

 ∑
Sα(π)⊆T λ
w′
Tv(π,w′)−1e
π(1)Tα +
∑
Sα(π)∩T λ
w′
={π}
Tv(π,w′)−1e
η(1)

Tα
=
∑
pi∈T λw
eα(pi)=0

 ∑
Sα(π)⊆T λ
w′
Tv(π,w′)−1e
π(1)Tα +
∑
Sα(π)∩T λ
w′
={π}
Tv(π,w′)−1e
η(1)Tα


=
∑
η∈T λw
Tv(η,w)−1e
η(1) (by (4.1)).
Theorem 4.3. Let λ be a dominant integral weight. In K(G/B)
eλ[OXw ] =
∑
η∈T λw
[OXv(η,w) ]
Proof. Since the sheaf OX1 is supported on the single point X1 ∈ G/B, any product [F ][OX1 ],
where F is a vector bundle on G/B is the class of a bundle supported on the single point X1.
More precisely, [F ][OX1 ] = rk(F)[OX1 ]. Thus, since e
λ is the class of a line bundle we have
eλ[OX1 ] = [OX1 ]. By Corollary 3.6, [OXw ] = Tw−1 [OX1 ] and so the result follows from Theorem
4.2.
The following example illustrates how one computes the product eω2 [OXs1s2s1s2 ] in K(G/B)
for the group G of type G2. In this case λ = ω2, w
−1 = s2s1s2s1 and the starting path πλ is the
straight line path from the origin to the point ω2. The paths in the set T
ω2
s2s1s2s1
are the paths in
the following diagrams.
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These paths yield the following data:
endpoint maximal lift ~t ι(η) = τ1 v(w, η)
−1
ω2 (s1) 1¯ s1
s2ω2 (s2s1) s2 s1s2
s2ω2 − α1 (s1s2s1 > s2s1) s1s2 s1s2
s2ω2 − 2α1 (s1s2s1 > s2s1) s1s2 s1s2
s1s2ω2 (s1s2s1) s1s2 s1s2s1
s2s1s2ω2 (s2s1s2) s2s1s2 s2s1s2
s2s1s2ω2 − α1 (s1s2s1s2 > s2s1s2) s1s2s1s2 s2s1s2
s2s1s2ω2 − 2α1 (s1s2s1s2 > s2s1s2) s1s2s1s2 s2s1s2
s1s2s1s2ω2 (s1s2s1s2) s1s2s1s2 s2s1s2s1
α1 (s2s1s2 > s1s2 > s2) s2s1s2 s2
−α1 (s1s2s1s2 > s2s1s2 > s1s2) s1s2s1s2 s2s1
0 (s2s1s2 > s1s2) s2s1s2 s2s1
0 (s1s2s1s2 > s2s1s2 > s1s2 > s2) s1s2s1s2 s2
and thus we get
eω2Ts2s1s2s1 = Ts1e
ω2 + Ts1s2e
s2ω2 + Ts1s2e
s2ω2−α1 + Ts1s2e
s2ω2−2α1 + Ts1s2s1e
s1s2ω2
+ Ts2s1s2e
s1s2s1ω2 + Ts2s1s2e
s2s1s2ω2−α1 + Ts2s1s2e
s2s1s2ω2−2α1
+ Ts2s1s2s1e
s1s2s1s2ω2 + Ts2e
α1 + Ts2s1e
−α1 + Ts2s1e
0 + Ts2e
0
and
eω2 [OXs1s2s1s2 ] = [OXs1s2s1s2 ]+ [OXs1s2s1 ]+3[OXs2s1s2 ]+3[OXs2s1 ]+2[OXs1s2 ]+2[OXs2 ]+ [OXs1 ].
5. Passage to H∗(G/B)
Let us explain how our results in K(G/B) are related to the cohomology H∗(G/B) and
Schubert polynomials. The transfer is by way of the Chern character ch.
If X is a finite CW complex then the Chern character (see [Mac, Ch. 10], [Hi, §23-24], [Ha,
App. A])
ch:Kvb(X)⊗Q −→ H
∗(X;Q)
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is a natural ring isomorphism, i.e. if f :X → Y is continuous then ch(f !(x)) = f∗(ch(x)). If
f :X → Y is a morphism of nonsingular projective varieties then the Grothendieck-Riemann-Roch
theorem [Ha, App. A Theorem 5.3], henceforth G-R-R, says
ch(f!(x)) = f∗(ch(x)td(Tf )),
where td(Tf ) is Todd class of the relative tangent sheaf of f . If L is a line bundle on X with first
Chern class λ ∈ H2(X;Q) then the Chern character and the Todd class of L are the elements of
H∗(X) given by
ch(L) = eλ =
∑
k≥0
λk
k!
and td(L) =
λ
1− e−λ
, respectively.
The expression eλ is a finite sum since λk = 0 in H∗(X) whenever k > dim(X).
H∗(G/B) as the quotient of a polynomial ring
Let X = G/B. Let h be the Lie algebra of T and let S(h∗) be the ring of polynomials
on h∗ (over Q). This is a polynomial ring in the n variables α1, . . . , αn (the simple roots). Let
εˆ:S(h∗)→ Q be the homomorphism given by εˆ(λ) = 0 for all λ ∈ h∗. If f ∈ S(h∗) then εˆ(f) is the
constant term of f . It is a classical theorem of Borel (see [BGG, Prop. 1.3]) that
H∗(G/B;Q) ∼=
S(h∗)
Iˆ
, (5.1)
where Iˆ is the ideal of S(h∗) generated by {f ∈ S(h∗)W | f − εˆ(f) = 0}. Proposition 1.5 is the
K-theory analogue of Borel’s theorem.
Let −λ ∈ Λ. The element −λ determines a character of T , denoted by eλ ∈ R(T ) (see
section 1). Let c1(L−λ) ∈ H
2(G/B) be the first Chern class of the line bundle L−λ = φ(e
λ)
where φ:R(T ) → K(G/B) is the map in (1.2). Because of the isomorphism in (5.1) we often
abuse notation and write λ = c1(L−λ) ∈ H
∗(G/B). All of the maps in the following commutative
diagram are isomorphisms. (Recall that we can identify K(G/B) and Kvb(G/B).)
R(T )/I ⊗Q
φ
−→ Kvb(G/B)⊗Qych ych
S(h∗)/Iˆ
φˆ
−→ H∗(G/B;Q)
where
eλ
φ
−→ [L−λ]ych ych
eλ
φˆ
−→ ec1(L−λ)
(5.2)
The left hand ch map is obtained by viewing R(T ) and S(h∗) as subsets of K(BT ) and Ĥ∗(BT ),
respectively, where BT is the classifying space of T .
The relation between Tα and ∂α
Let α be a simple root and let Pα be the parabolic subgroup with Lie algebra pα spanned by
b and the root space g−α. Let fα:G/B → G/Pα corresponding P1-bundle.
A proof of Proposition 3.3: Since K(G/B) is torsion free, we can check the identity fα)
!(fα)!(x) =
Tα(x) by applying ch to both sides and checking the result in cohomology.
The G-R-R for the map fα says
ch((fα)!(x)) = (fα)∗(ch(x)td(Tfα)), (5.3)
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where Tfα is the bundle of tangents along the fibres, which is the line bundle associated to the
ad(B)-module pα/b. Since this module has weight −α, c1(Tfα) = α ∈ H
2(G/B:Z) and so (5.3)
becomes
ch((fα)!(x)) = (fα)∗
(
ch(x)
α
1− e−α
)
. (5.4)
The BGG operator ∂α = (fα)
∗(fα)∗ is explicitly given by the formula
∂α(z) =
z − sα(z)
α
, (5.5)
see [D]. Thus, by applying (fα)
∗ to both sides of (5.4) we obtain
ch((fα)
!(fα)!(x)) = (fα)
∗(fα)∗
(
ch(x)
α
1− e−α
)
= ∂α
(
ch(x)
α
1− e−α
)
. (5.6)
The strategy now is to manipulate the right hand side of (5.6) using the “skew-Leibniz” rule
satisfied by ∂α to obtain ch(Tα(x)). For convenience, let y = ch(x). Then the right side of (5.6) is
∂α
(
y
α
1− e−α
)
= y∂α
(
α
1− e−α
)
+ sα
(
α
1− e−α
)
∂α(y)
and we claim
(a) sα
(
α
1− e−α
)
=
α
eα − 1
, (b) ∂α
(
α
1− e−α
)
= 1.
The first equality is trivial and the second can be proved by formal computation (carefully done!)
or by applying the G-R-R again. Using (a) and (b) we obtain
∂α
(
y
α
1− e−α
)
= y +
α
eα − 1
(
y − sα(y)
α
)
.
Now cancelling the α’s in the second term on the right and recalling that y = ch(x) we find
ch((fα)
!(fα)!(x)) = ch(Tα(x)).
We see that
ch(Tα(x)) = ∂α
(
ch(x)
α
1− e−α
)
(5.7)
which relates Tα to ∂α in an explicit way. In fact, if one wished one could reverse the argument
and derive the formula (5.5) for ∂α from the formula for Tα.
A proof of Proposition 1.6
Proposition 1.6. If f :G/B → G/P is the natural projection then the induced map f !:K(G/P )→
K(G/B) is an injection.
Proof. Since K(G/P ) is torsion free there is a natural injection K(G/P ) →֒ K(G/P ) ⊗ Q →
H∗(G/P ;Q) and so it suffices to check that the pull-back f∗ in rational cohomology is injective.
Since the odd cohomology groups of the base and fiber are zero the Serre spectral sequence of the
bundle P/B → G/B → G/P shows that f∗ is injective even for H∗(G/P ;Z).
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Dictionary between K(G/B) and H∗(G/B)
In summary, the Chern character gives an isomorphism
R(T )/I ∼= K(G/B)
ch
−→ H∗(G/B) ∼= S(h∗)/Iˆ
eλ 7−→ eλ,
where
I = ideal generated by {f ∈ R(T )W | f − ε(f) = 0},
ε: R(T ) −→ Z
eλ 7−→ 1,
Iˆ = ideal generated by {f ∈ S(h∗)W | f − εˆ(f) = 0},
εˆ: S(h∗) −→ Z
λ 7−→ 0.
Let [Xw] ∈ H
∗(G/B) be the element which is Poincare´ dual to the fundamental cycle of Xw in
H∗(G/B). This element is called a Schubert polynomial. Then
K(G/B) has basis {[OXw ] | w ∈W} and H
∗(G/B) has basis {[Xw] | w ∈W}.
From a general fact (see [Fu, Ex. 15.2.16] or [CG, 5.8.13(i) and p. 289])
ch([OXw ]) = [Xw] + higher degree terms.
where deg([Xw]) = dim(G/B)−dim(Xw) = N − ℓ(w), where N is the number of positive roots for
g.
If α is a simple root and fα:G/B → G/Pα is the corresponding P
1-bundle, then
Tα(x) = (fα)
!(fα)!(x) =
eαx− sα(x)
eα − 1
and ∂α(x) = (fα)
∗(fα)∗(x) =
x− sα(x)
α
in K(G/B) and H∗(G/B), respectively. As illustrated in (5.7) each of these two formulas can be
derived from the other via the use of the Grothendieck-Riemann-Roch Theorem. This means that
the following formulas (Proposition 3.4 and [BGG, Th. 3.14])
Tα([OXw ]) =
{
[OXwsα ], if wsα > w,
[OXw ], if wsα < w,
and ∂α([Xw]) =
{
[Xwsα ], if wsα > w,
[Xw], if wsα < w,
are equivalent.
Our new Pieri-Chevalley formula in K(G/B), Theorem 4.3, and Chevalley’s classical Pieri
formula in H∗(G/B), [Ch, Prop. 10], are
eλ[OXw ] =
∑
η∈T λw
[OXv(η,w) ] and λ · [Xw] =
∑
v
α
−→w
〈λ, α∨〉[Xv],
where the sum is over all v ∈ W such that ℓ(v) = ℓ(w) − 1 and there is a root α such that
v = sαw. Chevalley’s formula can be obtained from ours formula by subtracting [OXw ] from each
side, applying the Chern character ch, and comparing the lowest degree terms on each side.
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